In this paper we describe a family of locally conformal Kähler metrics on class 1
Introduction
The study of metrics on complex surfaces arose in the sixties out of Kodaira's classification of minimal complex surfaces in seven classes I 0 ,. . . ,VII 0 (see [Kod64, Kod66, Kod68a, Kod68b] ): which complex surfaces, with respect to this classification, admit a Kählerian metric? The surfaces in classes I 0 , III 0 and V 0 are easily seen to be Kähler, while the surfaces in classes VI 0 and VII 0 are not, due to topological obstructions (their first Betti number is odd). The surfaces in class IV 0 are Kähler as shown by Miyaoka and in 1983, when Todorov and Siu proved that every surface of class II 0 is Kähler, the question was at last settled: only the surfaces of classes VI 0 and VII 0 are not Kähler (see for instance [BPV84] ).
Is there a weakened version of the Kähler hypothesis that we can hope to prove for surfaces in classes VI 0 and VII 0 ? The notion of locally conformal Kähler manifold was introduced in this context by I. Vaisman in [Vai76] ; in [Vai79] he thoroughly studied locally conformal Kähler metrics with parallel Lee form; subsequently F. Tricerri in [Tri82] gave an example of a locally conformal Kähler metric with non-parallel Lee form. Further properties of locally conformal Kähler manifolds were proved by B. Y. Chen and P. Piccinni in [CP85] ; in particular, the existence on them of some canonical foliations. Until 1998, there were very few examples of locally conformal Kähler manifolds, namely some Hopf surfaces, some Inoue surfaces and manifolds of type (G/Λ) × S 1 where G is a nilpotent or solvable group. Recent results were obtained by P. Gauduchon and L. Ornea in the paper [GO98] , where they showed that every primary Hopf surface is locally conformal Kähler by finding a (family of) locally conformal Kähler metric (with parallel Lee form) on those of class 1 and then deforming it; and by F. A. Belgun in [Bel99] where he classified the locally conformal Kähler surfaces with parallel Lee form and showed that also secondary Hopf surfaces are locally conformal Kähler.
In this paper we show that the metrics written in [GO98] for Hopf surfaces of class 1 belong to a family of locally conformal Kähler metrics that are parametrized by the smooth positive functions defined on the circle S 1 . Among all these locally conformal Kähler metrics, the only ones with parallel Lee form are those of [GO98] . Then we explicitly study the canonical foliations associated to the metrics of this family. Class 1 Hopf surfaces H α,β are elliptic if and only if an algebraic condition is satisfied, that is α m = β n for some integers n and m (see [Kod64, 2] ). We find that, whenever this condition is satisfied, one of the canonical foliations gives exactly the elliptic fibration. Finally, we examine the regularity of this foliation and the natural orbifold structure on the leaf space.
In section 2 we give some basic preliminaries and we enounce more precisely the theorem of [GO98] we used (see theorem 2.2).
In section 3.1 we develop some tools we shall need, namely a diffeomorphism between H α,β and S 1 × S 3 (see formula (5)), a parallelization on S 1 × S 3 (see formulas (6)) and the explicit description of the induced complex structure on S 1 × S 3 via the diffeomorphism (see formulas (8)). This is the point of view we adopt to study H α,β .
In section 3.2 we study the simplest case, that is α = β: we note that with our point of view there is a nice interpretation of the classical invariant metric (dz 1 ⊗ dz 1 + dz 2 ⊗ dz 2 )/(z 1z1 + z 2z2 ) on C 2 − 0 (it is expressed as the identity matrix), then we deform it by means of a positive function h : S 1 → R and we obtain a family of locally conformal Kähler metrics. The Lee form is parallel if and only if h is constant.
In section 3.3 we generalize the previous results to the case α = β .
In section 3.4 we observe that the previous cases do not generalize directly, since there is no classical invariant metric in this case. We apply our method to the metric of [GO98] to obtain a family of locally conformal Kähler metrics on H α,β (see theorem 3.3) parametrized by the real positive functions on S 1 . Then we verify that the only metrics with parallel Lee form in this family are the ones of [GO98] (see theorem 3.3).
In section 4 we begin by recalling the definitions of four canonical distributions on a locally conformal Kähler manifold, as given in [CP85] (1) , then we study each of them in detail. We remark that they are all integrable and explicitly find the leaves, then we study their properties obtaining necessary and sufficient conditions for compactness (see theorems 4.2, 4.3 and 4.6).
(1) In [CP85, proposition 4.7] these distributions are studied for diagonal Hopf surfaces Hα with the metric
Other canonical distributions are studied in [Pic90] .
In section 5 we recall the definition of elliptic surface, as given in [Kod64] . Then we show that when the foliation E α,β has all compact leaves -and this happens, according to theorem 4.6, if and only if α m = β n for some integers n and m-, we can identify the leaf space with P 1 C in such a way that the canonical projection is a holomorphic map (see theorem 5.1). This means that, whenever H α,β is elliptic, the ellipticity is explicitly given by the foliation E α,β .
In section 6 we recall the definitions of regularity and quasi-regularity, and we show that E α,β is quasi-regular if and only if H α,β is elliptic, and it is regular if and only if α = β.
The quasi-regularity gives the leaf space a natural structure of orbifold with two conical points.
Preliminaries
A Hermitian manifold (M 2n , J, g) is called locally conformal Kähler, briefly l.c.K., if there exist an open covering {U i } i∈I of M and a family {f i } i∈I of smooth functions f i : U i → R such that the metrics g i on U i given by
are Kählerian metrics. The following relation holds on U i between the fundamental forms Ω i and Ω | U i respectively of g i and g | U i :
so the Lee form ω locally defined by
is in fact global, and satisfies dΩ = ω ∧ Ω. The manifold (M, J, g) is then l.c.K. if and only if there exists a global closed 1-form ω such that dΩ = ω ∧ Ω (see for instance the recent book [DO98] ).
As Kodaira defined in [Kod66, 10] , a Hopf surface is a complex compact surface H whose universal covering is C 2 − 0. If π 1 (H) ≃ Z then we say that H is a primary Hopf surface. Kodaira showed that every primary Hopf surface can be obtained as
where m is a positive integer and α, β and λ are complex numbers such that (α − β m )λ = 0 and α ≥ β > 1.
We write H α,β,λ,m for the generic primary Hopf surface. If λ = 0 we have A globally conformal Kähler metric on C 2 − 0 (that is, of the form e −f g where f : C 2 − 0 → R and g is Kähler), which is invariant for the map (z 1 , z 2 ) → (αz 1 +λz m 2 , βz 2 ), defines a l.c.K. metric on H α,β,λ,m : this is the case for the metric
which is invariant for the map (z 1 , z 2 ) → (αz 1 , βz 2 ) (and so defines a l.c.K. metric on H α,β ) whenever α = β . The Lee form of this metric is parallel for the Levi-Civita connection (see [Vai79] 
is a (Kählerian) metric on U.
Take the potential Φ α,β :
where θ is given by 
In [GO98] the following theorem is proved: We look at the 3-sphere as
and at S 1 as the quotient of R by the map θ → θ + 2π. The manifolds S 1 × S 3 and H α,β are diffeomorphic (see [Kat75, theorem 9] ) by means of the map F α,β given by
and the inverse is
where θ is given by (4).
Via this diffeomorphism we can transfer the complex structure of H α,β to S 1 × S 3 . We shall use the notation J α,β for this complex structure on S 1 × S 3 ; in particular the J α,α on S 1 × S 3 were studied and classified by P. Gauduchon in [Gau81, propositions 2 and 3, pages 138 and 140], by means of the parallelizability of S 1 × S 3 .
Let H be the non commutative field of quaternions, and let us identify it with C 2 by means of (ξ 1 , ξ 2 ) → ξ 1 + jξ 2 . Let θ be the point in S 1 ⊂ C given by the embedding θ → e iθ , and let Q = Q(α 1 , α 2 , α 3 , α 4 ) be the point in S 3 ⊂ H that, in the above identification, gives the complex numbers ξ 1 = α 1 + iα 2 and ξ 2 = α 3 + iα 4 . We shall use the parallelization E def = (e 1 , e 2 , e 3 , e 4 ) on S 1 × S 3 (and its dual E * = (e 1 , e 2 , e 3 , e 4 )):
The differential structure of this frame is given by the following formulas: One finds that
Letting G be the complex function on S 1 × S 3 given by (see [GO98,  formula 45])
the complex structure J α,β with respect to the basis E is given by
(see [GO98, formulas 49] , where the notations T , Z, E, iE, z 1 , z 2 and F are used instead of 2πe 1 , e 2 , −e 3 , −e 4 , ξ 1 , ξ 2 and G).
The real vector bundle T (S 1 × S 3 ) of rank 4 becomes a complex vector bundle of rank 2 by means of J α,β : the two vector fields e 2 and e 3 are independent over the complex numbers and, with respect to this basis, a hermitian metric on S 1 × S 3 is expressed by means of a hermitian 2 × 2 matrix.
Case α = β
Since the pull-back of the metric (2) by means of F α,α is the identity matrix in the J α,α -complex basis (e 2 , e 3 ) of T (S 1 ×S 3 ), we wonder whether there exist other l.c.K. metrics
given by hermitian matrices of the form
where k : S 1 × S 3 → R + is any real positive function; the Lee form is given by
and by imposing the l.c.K. condition dω = 0 we obtain
This second order differential system is certainly solved by a function k which satisfies e 2 (k) = e 3 (k) = e 4 (k) = 0, namely, which depends only on θ; using F α,α in the opposite direction we obtain the invariant metrics on C 2 − 0:
where
2 log α and k is a positive function on S 1 , i.e. a positive 2π-periodic real variable function.
Let us call θ k j the 1-forms
of the Levi-Civita connection. By the structure equations of Cartan we obtain
A straightforward calculation thus gives
∇ e 3 ω = ∇ e 4 ω = 0.
So, in the family of l.c.K. metrics given in (11), the Vaisman ones are those in which k is a constant function:
Again the pull-back via F α,β of the metric (2) is given by the identity matrix in the J α,β -complex basis (e 2 , e 3 ), and we can repeat the same construction: the hermitian matrix
.K. metric if and only if it is a
solution of
Computations are now much harder, due to the factor arg(α/β): nevertheless we obtain again that any function k : S 1 ⊂ S 1 × S 3 → R + is a solution, and we again obtain
∇ e 3 ω = ∇ e 4 ω = 0, that is, the l.c.K. metric given in the complex basis (e 2 , e 3 ) by k 0 0 1 is a Vaisman metric if and only if k is constant. We thus get the following is in fact proved is that g 0 is the only metric with ∇ω = 0 and ω t = 1. Actually, by using (2.14) and (2.17), one can check that ω t = 1 + t, hence the same computation proves that all the g t have parallel Lee form. I acknowledge a useful conversation and an exchange of e-mail messages with I. Vaisman.
General case
Unfortunately the same construction doesn't apply to the general case since the metric (2) is not invariant, hence is not defined on H α,β
As a starting point we use the l.c.K. metric given by P. Gauduchon and L. Ornea in the recent work [GO98] . At the beginning of their paper they explicitly find a family of
Vaisman metrics on H α,β by modifying the potential of (2): we make a further modification, using the same ideas of the previous cases.
Let l : U → R be a real function defined on an open set U of R, and
the real positive function given by
The local 2-form Ω
where we denote with e ij the wedge product e i ∧ e j . The matrix of the hermitian bilinear form (2) in the complex basis (e 2 , e 3 ) of
The condition that Ω be positive translates then in l ′ and l ′ 2 + l ′′ both positive. So we have a local generalization of the proposition 1 in [GO98] , that is we can take the local function e l as a potential Φ α,β , where l is increasing and l ′ 2 + l ′′ > 0 on U.
In the matrix A the dependance on θ is only given by (l ′ 2 + l ′′ )/l ′ . Consider a family {l U } U ∈U of local functions, where U is an open covering of R, all satisfying l ′ > 0 and l ′ 2 + l ′′ > 0 and such that the quantities (l ′ 2 + l ′′ )/l ′ paste to a well defined function h on S 1 . The matrix (13) then gives a global hermitian l.c.K. metric on (S 1 × S 3 , J α,β ). In fact such a family can be found, as we show in the following given in the complex basis (e 2 , e 3 ) of T (S 1 × S 3 ) by the hermitian matrix
is (well defined and) l.c.K on (S 1 × S 3 , J α,β ).
Proof:
For fixed h, the Cauchy problem
satisfies the local existence theorem for any θ 0 ∈ R. This means we can find an open covering U of R and functions l U : U → R which satisfy the equation. Moreover U and {l U } U ∈U can be chosen so that h is increasing for any U ∈ U ; finally, note that, since h is positive, so is l ′ 2 + l ′′ , and this gives the required family.
The previous theorem extends the corollary 1 of [GO98] .
The Lee form of the metric g h α,β associated to a function h is given by (see (1) and (13))
Remark 3.4 If h : S 1 → R + is constant, a (global) solution of the Cauchy problem (14) is given by l(θ) = hθ, and the potential of the corresponding g h α,β is given by (see (12)) e hθ . In [GO98] the potential is e l(log α +log β )θ/(2π) , where l is any positive real number (see [GO98, after remark 3]): thus, for h constant, the constant l of [GO98] is given by l = 2πh log α + log β .
Remark 3.5 If α = β , we get Re G = log α , log( α / β ) = 0 and
Thus in the case α = β the family given by the theorem 3.3 coincide up to a constant with the family given by (9), where k = πh/ log α .
For a general h (3) the Lee vector field B of g h α,β is
and the "six terms formula" ([KN69, proposition 2.3]) gives On any l.c.K. manifold (M, J, g) with a never-vanishing Lee form ω, the following canonical distributions are given:
1. The kernel of the Lee form: since dω = 0, and
such a distribution is integrable, so we get a codimension 1 foliation that we shall denote by F; The notation is taken from [CP85] and [Pic90] , where these and other related distributions are studied.
In our case, remark that since ω = he 1 where h is strictly positive, ω is never-vanishing.
The foliation F
The foliation F is simply the S 3 spheres foliation given by the diffeomorphism F α,β : so in the parallel case -namely, for h constant-these S 3 are totally geodesic submanifolds of
4.2 The foliations F ⊥ , JF ⊥ and F ⊥ ⊕ JF ⊥ Let us consider the torus S 1 × S 1 with coordinates (t 1 , t 2 ). The following is well known:
Lemma 4.1 The curve in S 1 × S 1 given by the linear functions
2. dense in S 1 × S 1 otherwise.
In the case 1 of the previous lemma, the curve (15) is called a toral knot of type δ 2 /δ 1 (see figure 1 ).
Let us now fix a point (Θ, Ξ 1 , Ξ 2 ) in S 1 × S 3 . To study the leaves passing through (Θ, Ξ 1 , Ξ 2 ) of F ⊥ and JF ⊥ in the case Ξ 1 Ξ 2 = 0, we define the submanifold T of S 3 as the product of two circles of radius respectively Ξ 1 e Ξ 2 : and we denote by t 1 and t 2 the coordinates on the torus T given by
We then consider in S 1 × S 3 the real 3-dimensional torus S 1 × T , containing the point (Θ, Ξ 1 , Ξ 2 ); a curve in this 3-torus is given by θ = θ(t) mod 2π, t 1 = t 1 (t) mod 2π, t 2 = t 2 (t) mod 2π.
We can visualize S 1 × T as a cube with identifications (see figure 2).
The foliation F ⊥
The Lee vector field of g h α,β is
-we remark that this vector field does not depend on h-and using (6) we get
By means of F α,β (formula (7)) we can read the Lee vector field as a vector field in C 2 − 0, where it becomes (see also [GO98, formula (23)]) B = −2(z 1 log α , z 2 log β ).
This last expression is easily integrable, and we obtain
where the initial condition (z 1 (0), z 2 (0)) is tied to (Θ, Ξ 1 , Ξ 2 ) by
We can now pull the integral curve back to S 1 × S 3 via F α,β : setting
we obtain the following equation for θ(t):
calling x = x(Θ, Ξ 1 , Ξ 2 ) the unique solution of the equation
we obtain
and together with (20) and (19) we get ξ 1 (t) = z 1 (0)e log x log α 2 e 2it arg α = Ξ 1 e 2it arg α , ξ 2 (t) = z 2 (0)e log x log β 2 e 2it arg β = Ξ 2 e 2it arg β .
We distinguish two kinds of points in S 1 × S 3 . If Ξ 1 Ξ 2 = 0, say Ξ 2 = 0, the leaf given by (22) and (23) is contained in S 1 × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 2 = 0}. According to lemma 4.1, if arg α is a rational multiple of π, the leaf is compact; otherwise it is dense in S 1 × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 2 = 0}. If Ξ 1 Ξ 2 = 0, from equations (23) we obtain that ξ 1 (t) and ξ 2 (t) have a constant positive length for every t, so the leaf is contained in the real 3-torus S 1 × T defined at page 13. Once observed that Θ = −π log x mod 2π, the equations (22) and (23) can be written as θ(t) = Θ − 4πt mod 2π, t 1 (t) = 2t arg α mod 2π, t 2 (t) = 2t arg β mod 2π. (24) In order to study the compactness of the leaves we remark that:
1. the leaf projected on T is given by t 1 (t) = 2t arg α mod 2π, t 2 (t) = 2t arg β mod 2π,
and by lemma 4.1 this is a compact set if the ratio of arg α to arg β is rational;
otherwise it is dense in T . Since the projection from S 1 × T on T is a closed map, we can infer that if the ratio of arg α to arg β is not rational then the leaf is not compact.
If this ratio is rational, then the projected set is a toral knot of type arg α/ arg β (see 2. the projection of the leaf on the face t 2 = 0 of the cube in figure 2 is given by θ(t) = Θ − 4πt mod 2π, t 1 (t) = 2t arg α mod 2π, and lemma 4.1 gives the condition (arg α)/π ∈ Q (see figure 4) ; 3. in the same way, if we consider the projection on the face t 1 = 0, we obtain (arg β)/π ∈ Q (see figure 5).
We then have the three following necessary conditions for the compactness of the leaf:
where any two of them obviously imply the third. Let us show that the conditions (26) are also sufficient to obtain the compactness of the leaf. If the (26) hold, we can choose coprime integers l and k such that
Figure 5: projection of the leaf of JF ⊥ to {t 1 = 0}: case (arg β)/π ∈ Q.
The equations (25) define a closed curve with period lπ/ arg α(=kπ/ arg β), and the leaf is closed whenever the θ(t) given by equations (24) also has a period that is an integer multiple of lπ/ arg α. If we choose integers p and q such that (arg α)/π = p/q, it is straightforward to check that plπ/ arg α is a period of θ(t), and the proof is complete. To summarize:
Theorem 4.2 Given the 1-dimensional foliation F ⊥ on (S 1 × S 3 , J α,β , g h α,β ) the following holds:
for every α and β the leaf through the point
(Θ, Ξ 1 , 0) (respectively (Θ, 0, Ξ 2 )) is a subset of S 1 × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 2 = 0} (respectively S 1 × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 1 = 0}).
This leaf is
• compact if arg α ∈ Qπ (respectively arg β ∈ Qπ);
2. for every α and β the leaf through the point (Θ, Ξ 1 , Ξ 2 ), where
where T is the torus in the factor S 3 of S 1 × S 3 given by (16). This leaf is
• compact if any two of the (26) hold;
• non compact otherwise; if the leaf is not compact, then its projection on T is
• a toral knot of type arg α/ arg β if this ratio is rational;
• dense in T otherwise.
The foliation JF ⊥
The anti Lee vector field JB is given by JB = −2 Re Ge 2 − 2 Im(ξ 1 ξ 2 ) log α/β e 3 + 2 Re(ξ 1 ξ 2 ) log α/β e 4 -it is independent of h-and again by (6) and (7) we get JB = −2i(ξ 1 log α , ξ 2 log β ) = −2i(z 1 log α , z 2 log β ), so the integral curves are (z 1 (s), z 2 (s)) = (z 1 (0)e −2is log α , z 2 (0)e −2is log β ). θ t 2 t 1 Figure 6 : the leaf of JF ⊥ , case log α / log β ∈ Q.
These formulas are profoundly different from the previous ones, because of the complex exponent: in fact we have
where x is a solution of (21), and ξ 1 (s) = z 1 (0)e log x log α 2 e −2is log α = Ξ 1 e −2is log α , ξ 2 (s) = z 2 (0)e log x log β 2 e −2is log β = Ξ 2 e −2is log β .
If Ξ 1 Ξ 2 = 0, say Ξ 2 = 0, the leaf through (Θ, Ξ 1 , 0) is {Θ} × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 2 = 0}, so it is closed. If Ξ 1 Ξ 2 = 0, we again deduce that ξ 1 (s) and ξ 2 (s) have constant positive length, so the leaf through (Θ, Ξ 1 , Ξ 2 ) is a subset of {Θ} × T , where T is still given by (16) (see figure 6 ).
We have thus obtained Theorem 4.3 Given the 1-dimensional foliation JF ⊥ on (S 1 × S 3 , J α,β , g h α,β ), the following holds:
1. for every α and β the leaf through the point (Θ, Ξ 1 , 0) (respectively (Θ, 0, Ξ 2 )) is {Θ} × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 2 = 0} (respectively {Θ} × {(ξ 1 , ξ 2 ) ∈ S 3 : ξ 1 = 0}), so it is compact; 2. for every α and β the leaf through the point (Θ, Ξ 1 , Ξ 2 ), where
where T is the torus in the factor S 3 of S 1 × S 3 given by (16). This leaf is
• a toral knot of type log α / log β if this ratio is rational;
• dense in {Θ} × T otherwise.
The foliation F ⊥ ⊕ JF ⊥
The most interesting distribution is the one generated by both the Lee and the anti Lee vector fields: these planes are clearly closed with respect to J, so if the distribution is integrable the integral surfaces are complex curves. Proof: It is well known (see [CP85] ) that if the Lee form is parallel then the distribution is integrable: now for the g h α,β we recall that B = −2(z 1 log α , z 2 log β ), JB = −2i(z 1 log α , z 2 log β ), and these expressions are clearly independent of the function h, so for a fixed α and β we get a unique distribution on S 1 × S 3 this coincides with the one induced by the Vaisman metric given by constant h, and is thus integrable.
Definition 4.5 We call E α,β the unique foliation given by theorem 4.4.
The following theorem gives an explicit description of the leaves of E α,β :
Theorem 4.6 The foliation E α,β on S 1 × S 3 is described by the following properties:
1. for every α and β the leaf through the point (Θ, Ξ 1 , 0) (respectively (Θ, 0, Ξ 2 )) is • non compact otherwise, and in this case it is dense in S 1 × T .
Proof: We consider the 2-dimensional real distribution as a field of 1-dimensional complex lines generated by B. We remark that if in the expression (18) we formally substitute with the real parameter t a complex parameter w we obtain
which results in a complex parametrization of the integral surface of E α,β passing through (Θ, Ξ 1 , Ξ 2 ), in the coordinates [z 1 , z 2 ]. Again, as in the proof of theorem 4.2, we find a parametrization of the same leaf in the coordinates (θ, ξ 1 , ξ 2 ):
Re w mod 2π, ξ 1 (w) = Ξ 1 e 2i arg α Re w e −2i log α Im w , ξ 2 (w) = Ξ 2 e 2i arg β Re w e −2i log β Im w .
The simplest case Ξ 1 Ξ 2 = 0 follows from the equations (28). So we can suppose Ξ 1 Ξ 2 = 0, and in this case the leaf is a subset of S 1 × T , where T is given by (16). Setting (t, s) def = (Re w, Im w), the equations (28) become θ(t, s) = Θ − 4πt mod 2π, t 1 (t, s) = 2(arg αt − log α s) mod 2π, t 2 (t, s) = 2(arg βt − log β s) mod 2π.
Call N this leaf, and consider N ∩ ({Θ} × T ). We observe that θ(t) = Θ is equivalent to t = m/2 where m is an integer: call N m the curve given by the equations θ( m 2 , s) = Θ mod 2π,
Clearly N ∩ ({Θ} × T ) is the union of the curves N m for m ∈ Z. By lemma 4.1 we know that N m is dense in {Θ} × T whenever log α / log β is irrational: N ∩ ({Θ} × T ) is then a fortiori dense in {Θ} × T , and it is not {Θ} × T since it does not contain for instance the points θ = Θ mod 2π,
We can use this argument for all θ, so in this case N is dense in S 1 × T . Otherwise if log α / log β is rational, the intersection of N with {θ} × T is the union of toral knots of type log α / log β .
Let us now consider the intersection of N with the surface given by t 2 = 0: after observing that t 2 = 0 is equivalent to s = (t arg β − mπ)/ log β for m integer, let us call N m the curve given by θ(t, t arg β − mπ log β ) = −π log x − 4πt mod 2π, t 1 (t, t arg β − mπ log β ) = 2(arg αt − log α t arg β − mπ log β ) mod 2π, t 2 (t, t arg β − mπ log β ) = 0 mod 2π, (see figure 4) . In this case lemma 4.1 shows that every N m is dense in S 1 × {(t 1 , 0) ∈ T } whenever (arg α − arg β log α / log β )/π is irrational: the same argument for t 2 = 0
shows that in this case N is dense in S 1 × T . arg β log α / log β ∈ Qπ and log α / log β ∈ Q.
We are then left to the case
where l, k, p and q are integers and (p, q) = (l, k) = 1: in this case the intersection of N with the faces of the figure 2 is a union of closed curves (see figure 7 ).
Choose two integers b and c such that bk − cl = 1. Set
and remark that in this case the map
is invariant with respect to the action on R 2 of the lattice Λ def = vZ ⊕ wZ (see figure 8) where
So we may consider the diagram
where p is the canonical projection of C on C/Λ andF is the quotient map of F . Obviouslȳ F is onto, and the leaf N =F (C/Λ) is compact. Moreover, since F ′ = B = 0,F is a θ t 2 t 1 Figure 8 : the compact leaf in the case arg α − arg β log α / log β ∈ Qπ and log α / log β ∈ Q.
local diffeomorphism; this implies that N , being the image of a compact manifold via a local diffeomorphism, is a submanifold of H α,β . Thus N , being closed with respect to J α,β , is a compact Riemann surface and its genus is one, since it supports a non-vanishing vector field. FurthermoreF is holomorphic, because, with the chosen parametrization, the horizontal and the vertical axes of C are just the integral curves respectively of B and JB.
It follows thatF is a non ramified covering. But it is straightforward to check thatF is injective also, so it is a biholomorphism. Proof: The existence of integers m and n such that m/n = k/l and α m = β n is equivalent to log α log β = n m = l k and {m arg α + 2rπ} r∈Z = {n arg β + 2sπ} s∈Z .
These conditions obviously imply (30).
Vice versa, from (30) we obtain 2qk arg α + 2rπ = 2ql arg β + 2π(p + r) for every integer r; so, setting m def = 2qk and n def = 2ql, we get (33).
The proof of theorem 4.6 allows us to complete the description of the foliation when the leaves are not compact:
Corollary 4.8 When α and β do not satisfy (30), the saturated components of E α,β are of two kinds: In theorem 4.6 we showed that, if α m = β n for some integers m and n, then S 1 × S 3 is a fibre space of elliptic curves over a topological space ∆ -the leaf space. Now we show that such a ∆ is a non singular algebraic curve (actually P 1 C) and that the projection Ψ is holomorphic with respect to this complex structure.
Theorem 5.1 If α m = β n for some integers m and n, the leaf space ∆ of the foliation in tori given on S 1 × S 3 by the theorem 4.6 is homeomorphic to P 1 C, and the projection Ψ : S 1 × S 3 → ∆ is holomorphic with respect to the induced complex structure.
Proof: By lemma 4.7 the hypothesis is equivalent to the conditions (30). Choose then the integers m and n minimal with respect to the property α m = β n , and observe that this implies m arg α = n arg β + 2πc, where c is an integer such that MCD(m, n, c) = 1, and consider the following map:
It is an easy matter to verify that on H α,β this map is nothing but the quotient of
, and we obtain the diagram
We show thath is well defined on the leaf space, and that its quotient h is in fact the homeomorphism we are looking for:
1. h is well defined: if (θ, ξ 1 , ξ 2 ) is on the leaf passing through (Θ, Ξ 1 , Ξ 2 ), then θ, ξ 1 and ξ 2 are of the form (see (28)) θ(t, s) = Θ − 4πt mod 2π, ξ 1 (t, s) = Ξ 1 e 2i arg αt e −2i log α s , ξ 2 (t, s) = Ξ 2 e 2i arg βt e −2i log β s , and we get
and the last member does not depend on t and s. Namely,h is constant on every leaf and h is well defined on ∆;
2. h is onto: (θ, 1, 0) → [1 : 0] and if we put h(θ, ξ 1 , ξ 2 ) = [z 1 : z 2 ] where z 2 = 0 we obtain
Using polar coordinates, that is, choosing real numbers ρ 1 , ρ 2 , θ 1 and θ 2 such that ξ 1 = ρ 1 e iθ 1 and ξ 2 = ρ 2 e iθ 2 , the last member becomes
where ρ 2 1 + ρ 2 2 = 1.
The exponent θc + mθ 1 − nθ 2 covers all the real numbers, and the map
covers all the positive real numbers, soh -and, consequently, h-is onto;
3. h is injective: suppose that h(θ, ξ 1 , ξ 2 ) = h(Θ, Ξ 1 , Ξ 2 ) for two points (θ, ξ 1 , ξ 2 ) and (Θ, Ξ 1 , Ξ 2 ) on S 1 × S 3 . If ξ 1 Ξ 1 = 0, then ξ 1 and Ξ 1 must both of them be zero, whence (θ, ξ 1 , ξ 2 ) and (Θ, Ξ 1 , Ξ 2 ) lie on the same leaf. If ξ 1 Ξ 1 = 0, we can write
The first equation in (36), together with ρ 2 1 + ρ 2 2 = 1 = P 2 1 + P 2 2 , easily gives
In order to show that (θ, ξ 1 , ξ 2 ) and (Θ, Ξ 1 , Ξ 2 ) lie on the same leaf, we want to find two real numbers t and s such that θ = Θ − 4πt mod 2π,
that is, by using (37), we want to find two real numbers t and s satisfying From 1, 2 and 3 we obtain that h : ∆ → P 1 C is a bijective continous map, and so is a homeomorphism because of the compactness of ∆. At least, Ψ is holomorphic with respect to the induced complex structure -that is,h is holomorphic-because the map φ in the diagram (34) is holomorphic.
6 Regularity of E α,β and orbifold structure on ∆ Proof: By theorem 4.6 we know that all leaves are compact if and only if α m = β n , and for the points (Θ, Ξ 1 , Ξ 2 ) where Ξ 1 Ξ 2 = 0 the thesis is given by the figure 8. We are then left to the points (Θ, 0, Ξ 2 ) and (Θ, Ξ 1 , 0), when α m = β n . We look at the points (Θ, Ξ 1 , 0), the study of the other ones being analogous.
We remark that the figure 8 is 3-dimensional, and in order to visualize the 4-dimensional neighborhood of a point of S 1 × S 3 we need another 3-dimensional description of the foliation E α,β : consider the stereographic projection φ : S 3 − (0, 0, 0, 1) −→ R 3 (x 1 , x 2 , x 3 , x 4 ) −→ 1 1 − x 4 (x 1 , x 2 , x 3 ).
It is easy to check that φ(T (ξ 1 , ξ 2 )) is generated by the revolution around the y 3 -axis of the circle C(ξ 1 , ξ 2 ) in the y 2 y 3 -plane centered in (1/ ξ 1 , 0) with radius ξ 2 / ξ 1 . We are thus led to the figure 9.
By refining the computation in the proof of theorem 4.6, we see that any leaf intersects T (ξ 1 , ξ 2 ) along r toral knots of type l/k, r being the greatest common divisor of m and n. This means that each leaf contained in T (ξ 1 , ξ 2 ) intersects C(ξ 1 , ξ 2 ) in exactly n = rl points. Now let Figure 9: On the left, the partition of R 3 in tori T (ξ 1 , ξ 2 ); on the right, the circles that generate the tori.
Remark 6.2 We thus have an orbifold structure on the leaf space ∆, with two conical points of order m and n, respectively (see [Mol88, Proposition 3.7] ). In particular, a local chart around the leaf through (Θ, Ξ 1 , 0) is given by D ρ /Γ n , Γ n being the finite group generated by the rotation of angle 2π/n.
Remark 6.3 In the preceding section we gave ∆ a structure of complex curve; this does not contradict the orbifold structure, it simply means that the two structures are not isomorphic in the orbifold category. In fact, any 2-dimensional orbifold with only conical points is homeomorphic to a manifold.
